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THE ZERO STABILITY FOR THE ONE-ROW COLORED sl3 JONES
POLYNOMIAL
WATARU YUASA
ABSTRACT. The zero stability of the colored Jones polynomial was proved by using the
linear skein theory for the Kauffman bracket in Armond [Arm13]. The stability says that
there exists a formal power series for a minus adequate link L such that the first n coef-
ficients of the power series and the (n + 1)-dimensional colored Jones polynomial of L
agree. In this paper, we show the zero stability of the one-row colored sl3 Jones polynomial
of a minus-adequate link by using the linear skein theory for A2.
1. INTRODUCTION
The colored Jones polynomial {JK,n(q)}n is a family of invariants of a link K. The
(n+1)-dimensional colored Jones polynomial JK,n(q) is a polynomial in Z[q±
1
2 ] obtained
by coloring each link component of K with the (n+ 1)-dimensional irreducible represen-
tation of sl2. One of the famous properties of the colored Jones polynomial is Habiro’s
cyclotomic expansion. It is a special expression of the colored Jones polynomial of 0-
framed knot K such that JK,n(q) = [n]
∑∞
k=0 CK(k)(q
1−n)k(q1+n)k, see [Hab02] for
details. Another property is the existence of a q-series obtained as a "limit" of {JK,n(q)}n
called tail. The existence of the tail was proved for an adequate link in Armond [Arm13].
Let us focus on quantum invariants of a knot obtained from colorings of irreducible repre-
sentations of the other simple Lie algebra. In the case of the cyclotomic expansion, Chen,
Liu, and Zhu [CLS15] gave a conjectural formula for the quantum slN invariant obtained
from one-row colorings. The existence of tails, for torus knot, of the quantum invariants
obtained from rank 2 Lie algebras was proved by Garoufalidis and Vuong in [GV17]. In
this paper, we prove the existence of a tail of the quantum sl3 invariant obtained from
one-row colorings for an oriented "adequate" link.
In [DL06, DL07], Dasbach and Lin showed that the first two and the last two coefficients
of {JK,n(q)}n are independent of the colors n for an alternating knotK. They conjectured
a kind of stability of coefficients of {JK,n(q)}n for an alternating knot. In [Arm13], Ar-
mond proved the stability for a larger class of links called adequate links. Independently,
Garoufalidis and Lê [GL15] proved more general stability, k-stability, of an alternating
link for all non-negative integers k. The stability in [Arm13] corresponds to the zero sta-
bility. If the colored Jones polynomial of K is zero stable, then one can define the tail
TK(q) in Z[[q]] such that
TK(q)− JˆK,n(q) ∈ qn+1Z[[q]],
where JˆK,n(q) is a normalization of JK,n(q) obtained from dividing by its monomial in
the lowest degree. From the integrality of the colored Jones polynomial [Le00], JˆK,n(q)
belongs to Z[q]. Armond and Dasbach [AD17] showed that the tail of an adequate link only
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2 WATARU YUASA
depends on its reduced A-graph. The lowest three coefficients of TK(q) of alternating link
K is described in terms of its reduced Tait graph in Garoufalidis-Norin [GNV16]. Hajij
also considered the tail for some quantum spin network in [Haj16].
The tail is an interesting subject in number theory. The explicit formula of the tail
is described as a generalized Nahm sum for an alternating link, see [GL15]. In [AD11,
Haj16, Yua18b], the Andrews-Gordon type identities for the (false) theta series are derived
by using tails of (2,m)-torus knots and links. Other than these works, an explicit formula
of a tail has been studied in [GL15, EH17, KO16, BO17].
In this paper, we will focus on the zero stability of the one-row colored sl3 Jones poly-
nomial {Jsl3K,n(q)} of an oriented link K obtained from the irreducible representation of
sl3 corresponding to one-row Young diagrams of n boxes. In general, one can consider
the quantum invariant of link {JgK,λ(q)}λ for a simple Lie algebra g and an irreducible
representation corresponding to λ, see for example [RT90, Tur94]. It is hard to compute
an explicit formula of the quantum invariant of link for g 6= sl2. For sl3, there are a
few works on an explicit calculation of the sl3 colored Jones polynomial, for the trefoil
knot in [Law03], for the (2, 2m + 1)- and (4, 5)-torus knots in [GMV13, GV17] with
general colorings, and for 2-bridge links in [Yua17] with one-row colorings. From these
explicit formulas, the tail of the sl3 colored Jones polynomial for some links was given
in [GV17, Yua18b, Yua20]. Garoufalidis and Vuong showed a stability for the colored
Jones polynomial {JgT (a,b),nλ(q)}n of the (a, b)-torus knot for rank 2 simple Lie algebra g
and a dominant weight λ in [GV17]. They used the representation theoretical method, the
Jones-Rosso formula [RJ93]. In this paper, we will prove the zero stability of the one-row
colored sl3 Jones polynomial {Jsl3K,n(q)}n for minus-adequate oriented links by using the
linear skein theory for A2 developed by Kuperberg [Kup96].
Theorem 4.13 (Zero stability for the one-row colored sl3 Jones polynomial). For a minus-
adequate oriented link L, there exist T sl3L (q) in Z[[q]] such that
T sl3L (q)− Jˆsl3L,n(q) ∈ qn+1Z[[q]].
This paper is organized as follows. In section 2, we introduce theA2 linear skein theory
and review properties of A2 webs and A2 clasps. In section 3, we discuss the lower bound
of the minimum degree of a clasped A2 web. In section 4, we prove the zero stability of
the one-row colored sl3 colored Jones polynomial by calculation of clasped A2 webs. As
an Appendix in section 5, we will prove some new formulas of the clasped A2 web used in
this paper.
2. PRELIMINARIES
In this paper, we mainly use a vector space over the field of formal Laurent series
Q((q 16 )). We consider the following rational functions as elements in Q((q 16 )).
• [n] = q
n
2 −q−n2
q
1
2−q− 12
is a quantum integer for n ∈ Z≥0.
• [nk] = [n][k][n−k] for 0 ≤ k ≤ n and [nk] = 0 for k > n.
• (q)n =
∏n
i=1
(
1− qi) is a q-Pochhammer symbol.
• (nk)q = (q)n(q)k(q)n−k for 0 ≤ k ≤ n and (nk)q = 0 for k > n.
• ( nk1,k2,...,km)q = (q)n(q)k1 (q)k2 ···(q)km for positive integers ki’s such that ∑mi=1 ki =
n.
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Definition 2.1. For any formal Laurent series f(q) =
∑∞
i=0 aiq
i−d
6 inQ((q 16 )), we define
the minimum degree of f(q) as
mindeg f(q) = d/6
and a normalization on q-degree
fˆ(q) = ±q−mindeg f(q)f(q) = ±
∞∑
i=0
aiq
i
6 ∈ Q[[q 16 ]].
In the above, we choose the sign so that the first coefficient ±a0 to be positive.
Example 2.2. mindeg [n] = −n−12 , mindeg
[
n
k
]
= −k(n−k)2
Let us define A2 web spaces based on [Kup96]. We consider a surface Σ with signed
marked points (P, ) on its boundary where P ⊂ ∂Σ is a finite set and  : P → {+,−} a
map.
A tangled trivalent graph on Σ is an immersion of a directed graph into Σ satisfying (1)
– (4):
(1) the valency of a vertex of underlying graph is 1 or 3,
(2) all intersection points of edges are transversal double points of two edges with
over/under information,
(3) the set of univalent vertices coincides with P ,
(4) a neighborhood of a vertex is one of the followings:
, , − , + .
Definition 2.3 (A2 web space [Kup96]). Let G(; Σ) be the set of boundary fixing isotopy
classes of tangled trivalent graphs on Σ. The A2 web spaceW(; Σ) is the quotient of the
Q((q 16 ))-vector space on G(; Σ) by the following A2 skein relation:
• = q 13 − q− 16 ,
• = q− 13 − q 16
• = + ,
• = [2] ,
• = [3] = .
An element inW(; Σ) is calledA2 web or web. A basis web is an element in G(; Σ) such
that it has no crossings and no internal 0-, 2-, 4-gons. Any web is described as the sum of
basis webs.
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The A2 skein relation realize the Reidemeister moves (R1) – (R4), that is, we can show
that webs represent diagrams in the left side and right side is the same web inW(; Σ).
(R1) (R2) ,
(R3) , (R4) , .
We review a diagrammatic definition of an A2 clasp introduced in [Kup96, OY97,
Kim07, Yua20] and its properties. It plays an important role as is the case with the Jones-
Wenzl projector.
In what follows, we will mainly treat the A2 web in a rectangle. Let us take a base
point at ∗ = (0, 0) in on the boundary of a disk D = [0, 1] × [0, 1] and label the marked
points P = P (0) unionsq P (1) ⊂ ∂D where P (i) ⊂ [0, 1]× {i} for i = 0, 1. We consider maps
0 : P
(0) → {+,−} and ¯1 = ·¯ ◦ 1 : P (1) → {+,−} where ·¯ is the involution of signs.
One can identify 0 with a word of signs by setting the signs on [0, 1]× {0} in line. In the
same way, ¯1 is identified with the signs on [0, 1] × {1}. Let us denoteW(0 unionsq ¯1;D) by
W10 . The composition
We firstly define the A2 clasp inW−
m
−m .
Definition 2.4 (The one-row coloredA2 clasp). TheA2 clasp JW−m described by a white
box with m ∈ Z≥0 is defined as follows.
(1)
0
= ∅ (the empty diagram),
1
=
(2) JW−m+1 =
m+1
=
m
− [n][n+1]
m
m
m−1 .
In the above, the base point lies in the bottom left corner of the diagram. JW+m is defined
in the same way by changing the direction of edges.
We next introduce the A2 clasp inW−
n+n
−n+n .
Definition 2.5 (The two-row colored A2 clasp).
JW−m+n =
m
m
n
n
=
min{m,n}∑
i=0
(−1)i
[
m
i
][
n
i
][
m+n+1
i
] m−i n−ii
i
m n
m n
.
One can define JW+m−n in the same way. We remark that the base point lies in the left
side of the diagram.
Let us introduce “stair-step” and “triangle” webs. These webs also appear in [Kim06,
Kim07, Yua17, FS20].
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Definition 2.6. For positive integers n and m, n n
m
m
is defined by
n n
1
1
= {n ··· ······ and
n n
m
m
= n
m−1
m−1
n
n
1
1
for m > 1.
Specifying a direction on an edge around the box determine the all directions of edges in
the box.
Definition 2.7. For positive integer n, nn
n
is defined by 11
1
= and
nn
n
=
1 1
1
n−1
n−1
n−1
for n > 1. We obtain a web by specifying a direction of an
edge around the triangle.
Definition 2.8 (A general type of the A2 clasp). Let 1 and 2 be two sequences of sings.
Each 1 have m pluses and n minuses, and ¯2 is also. We define an A2 clasp in W ¯21 by
gluing stair-step webs to the top and the bottom of JW−m+n as follows:
......
a b
, ......
a b
.
Repeating these operations, one can exchanges the signs in sequences on the top and bot-
tom of the disk, and we obtain an A2 web inW ¯21 . We denote it by JW ¯21 and describe it
by
2
1
.
We note a graphical description of properties of A2 clasp and useful formulas.
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Lemma 2.9. Let α, β, and γ are sequences of sings. For positive integer m and n, the arc
labeled by them are m and n parallelizatoin of the arc, respectively.
γ
β
α
=
γ
α
,
......
= 0,
......
= 0,
......
m n
=
......
m n
,
......
m n
=
......
m n
,
......
m n
= (−1)mnq−mn6
......
m n
,
......
m n
= (−1)mnqmn6
......
m n
,
......
m n
= q
mn
3
......
m n
,
......
m n
= q−
mn
3
......
m n
,
n n
n
= (−1)nq−n
2+3n
6
n n
n
,
n n
n
= (−1)nq n
2+3n
6
n n
n
,
n n
n
=
n n
n
,
n n
n
=
n n
n
Proof. One can prove them by easy calculation, see [Yua17, Yua18a, Yua20]. 
We give a definition of the one-row colored sl3 Jones polynomial of an oriented framed
links via the A2 web.
Definition 2.10. Let L be a link diagram of a framed link whose framing is given by the
blackboard framing. The one-row colored sl3 Jones polynomial of n boxes Jsl3L,n(q) is
defined by
〈L(n)〉 = Jsl3L,n(q)∅ ∈ W(∅;D) ∼= Q((q
1
6 )).
〈L(n)〉 is the claspedA2 web obtained by attaching white boxes corresponding toA2 clasps
to every link components of L. We introduce the normalization Jˆsl3L,n(q) in Definition 2.1.
We remark that Jˆsl3L,n(q) is an invariant of links.
Remark 2.11. In [Le00], Lê showed the integrality theorem for a quantum g invariant of
links. It says that Jˆsl3L,n(q) belongs to Z[q].
We will discuss the zero stability of Jˆsl3L,n(q) for a certain class of links in the following
sections. It is equivalent to the existence of the tail of {Jˆsl3L,n(q)}n.
Definition 2.12 (the one-row colored sl3 tail of a link). The one-row colored sl3 colored
Jones polynomial {Jˆsl3L,n(q)}n of a link L is zero stable if there exists a formal power series
T sl3L (q) in Z[[q]] such that
T sl3L (q)− Jˆsl3L,n(q) ∈ qn+1Z[[q]]
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for all n. Then, we call T sl3L (q) a tail of {Jˆsl3L,n(q)}n or the one-row colored sl3 tail of L.
3. CLASPED A2 WEBS AND ITS DEGREE
We use the linear skein theory for A2 to give a proof of existence of the tail of the
one-row colored sl3 Jones polynomial. It is based on the argument developed in Ar-
mond [Arm13]. In this section, we give a lower bound of degree of clasped A2 web with
no crossings in the disk.
Lemma 3.1 (single clasp expansion [Kim07, Proposition 3.1]). For any positive integer
m,
m
=
m−1∑
j=0
(−1)j [m− j]
[m]
j 1 m−j−1
m−11
By using the single clasp expansion formula and induction on m, one can obtain the
following lemma. For j = 1, 2, . . . ,m− 1, Ij is a web defined by
Ij = ··· ···
j j+1
∈ W−m−m .
The labels j and j+1 in the diagram means the j- and (j+1)-th marked points respectively.
Lemma 3.2. The one-row colored A2 clasp has the following expansion:
JW−m =
∑
M
fM (q)M
such that mindeg fM (q) = 14v(M) where M is a graph obtained by composition of {Ij |
j = 1, 2, . . . ,m− 1} and v(M) is the number of trivalent vertices in M .
We remark that M in Lemma 3.2 is not a basis web which may contain 4-gons.
Lemma 3.3. The two-row colored A2 clasp has the following expansion:
JW−m+n =
min{m,n}∑
t=0
∑
M1,M2,N1,N2
ft(M1,M2, N1, N2; q)gt(M1 ⊗M2 ⊗N1 ⊗N2)
such that mindeg ft(M1,M2, N1, N2; q) = 14v(gt(M1⊗M2⊗N1⊗N2)) + t(t+1)2 where
gt(M1 ⊗M2 ⊗N1 ⊗N2) = m−t n−t
t
t
m n
m n
M1
M2
N1
N2
.
Proof. By the Definition 2.5 and Lemma 3.2, one can take
ft(M1,M2, N1, N2; q) = (−1)t
[
m
t
][
n
t
][
m+n+1
t
]fM1(q)fM2(q)fN1(q)fN2(q)
and mindeg [
m
t ][
n
t]
[m+n+1t ]
= t(t+1)2 . 
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Let G be a flat trivalent graph in the disk D with no marked point, that is, G is a
tangled trivalent graph with no crossings. We sometimes identify G and its evaluation in
W(∅, D) ∼= Q((q 16 ))∅.
Lemma 3.4. Let G be a flat trivalent graph. Then,
mindegG ≥ −1
4
v(G)− c(G)
where v(G) is the number of trivalent vertices in G, c(G) the number of connected com-
ponents of G.
Proof. If G has no trivalent vertices, then G = [3]c(G) by the definition 2.3. We consider
the 4-gon relation and the 2-gon relation in 2.3. The 4-gon relation is the third one and the
2-gon relation the second one. Let G be a flat trivalent graph and G′ is a graph appearing
after the 4-gon relation. Then,
• mindegG = mindegG′
• v(G) = v(G′) + 4
• c(G) = c(G′) or c(G) = c(G′)− 1.
Thus,
mindegG+
1
4
v(G) + c(G) ≥ mindegG′ + 1
4
v(G′) + c(G′).
In the same say, if G′ is obtained by the 2-gon relation, that is, G = [2]G′. Then
• mindegG = mindegG′ − 12 ,• v(G) = v(G′) + 2,
• c(G) = c(G′),
and we obtain
mindegG+
1
4
v(G) + c(G) = mindegG′ +
1
4
v(G′) + c(G′).
Using the argument about the Euler number in [OY97], one can see that G is expanded
into a summation of graphs composed of circles only by applying the 4-, 2-gon relations.
The inequality
mindegG+
1
4
v(G) + c(G) ≥ mindegG′ + 1
4
v(G′) + c(G′)
holds while applying the 2-gon and the 4-gon relations. We take a graph U composed of
circles from the expansion. Then, it should satisfy
mindeg (G) +
1
4
v(G) + c(G) ≥ mindeg (U) + 1
4
v(U) + c(U)
= −c(U) + 0 + c(U) = 0.
We obtained the inequality in this Lemma. 
Next, we give a lower bound of the minimum degree of a flat trivalent graph with A2
clasps. To treat such A2 webs, we introduce a notation of a planar algebra specializing in
our situation. Let Dk be a k-holed disk, removing k open rectangles which isomorphic to
the interior of [0, 1] × [0, 1]. For each hole, the base point is given by (0, 0). We assign
numbers {1, 2, . . . , k} to the k holes. The i-th boundary component has a set of signed
marked points Pi = P¯
(0)
i unionsq P (1)i where P (j)i is on the edge corresponding to [0, 1]× {j}.
We only consider P (0)i = P
(1)
i = 
mi ¯ni where  ∈ {+,−} and mi, ni ∈ Z≥0. See,
for example, Figure 3.1. The identity web is defined by (mi + ni) parallel strands in
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FIGURE 3.1. The k-holed diskDk such that k = 3, black = +, white =
−, P (0)1 = P (1)1 = −+, P (0)2 = P (1)2 = ++, P (0)3 = P (1)3 = +−−.
W(Pi) = WP
(1)
i
P
(0)
i
= Wmi ¯nimi ¯ni and denoted by IdPi . For a tangled trivalent graph G ∈
G(P1 ∪ P2 ∪ · · · ∪ Pk;Dk), one can substitute an element inW(Pi) in the i-th rectangle
for every i = 1, 2, . . . , k. It induces a linear map
G : ⊗ki=1W(Pi)→ Q((q)).
Proposition 3.5. For any flat trivalent graph G in G(P1∪P2∪· · ·∪Pk;Dk) with v(G) = 0,
mindegG(⊗ki=1JWPi) = mindegG(⊗ki=1IdPi).
Proof. We mention that G(⊗ki=1IdPi) appears in an expansion of G(⊗ki=1JWPi). One
can prove it if the minimum degree of G(⊗ki=1IdPi) is smaller than one of the other terms
appearing in the expansion. We firstly consider a special case such that G(⊗ki=1JWPi) has
only one-row coloredA2 clasps. Then, Pi = mi ¯mi for i = 1, 2, . . . , k andG(⊗ki=1JWPi)
is expanded by Lemma 3.2 as follows.
G(⊗ki=1JWPi) =
∑
M1,M2,...,Mk
fM1fM2 · · · fMkG(⊗ki=1Mi)
Let us compare the minimum degree of a summand in the above to one of
∏
i fIdPiG(⊗i IdPi) =
G(⊗i IdPi). We remark that G(⊗ki=1Mi) =
∑k
i=1 v(Mi) because G has no vertices.
mindeg fM1fM2 · · · fMkG(⊗ki=1Mi) =
k∑
i=1
mindeg fMi + mindegG(⊗ki=1Mi)
≥
k∑
i=1
1
4
v(Mi)− 1
4
v(G(⊗ki=1Mi))− c(G(⊗ki=1Mi))
= −c(G(⊗ki=1Mi))
≥ −c(G(⊗ki=1 IdPi)) = mindegG(⊗ki=1 IdPi)
We obtain mindegG(⊗ki=1JWPi) = mindegG(⊗ki=1 IdPi). Next, we prove the general
case in the same way. In this case, G(⊗ki=1JWPi) has two-row colored A2 clasps, that
is, P (0)i = P
(1)
i = 
mi ¯ni for i = 1, 2, . . . , k. Then, G(⊗ki=1JWPi) is expanded by
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Lemma 3.2 and Lemma 3.3 as follows.
G(⊗ki=1JWPi) =
k∏
i=1
∑
M
(i)
1 ,M
(i)
2 ,N
(i)
1 ,N
(i)
2
min{mi,ni}∑
ti=1
fti(M
(i)
1 ,M
(i)
2 , N
(i)
1 , N
(i)
2 ; q)
× G(⊗ki=1gti(M (i)1 ⊗M (i)2 ⊗N (i)1 ⊗N (i)2 )),
where
fti(M
(i)
1 ,M
(i)
2 , N
(i)
1 , N
(i)
2 ; q) = (−1)ti
[
mi
ti
][
ni
ti
][
mi+ni+1
ti
]f
M
(i)
1
(q)f
M
(i)
2
(q)f
N
(i)
1
(q)f
N
(i)
2
(q)
and a graph gti(M
(i)
1 ⊗M (i)2 ⊗N (i)1 ⊗N (i)2 ) in the i-th small disk is similar to in Lemma 3.3.
The above fMi(q) and fNi(q) are obtained by expansions of JW¯mimi and JWni ¯ni in
Lemma 3.2. We remember that
mindeg fti(M
(i)
1 ,M
(i)
2 , N
(i)
1 , N
(i)
2 ; q)
=
1
2
ti(ti + 1) + mindeg fM(i)1
+ mindeg f
M
(i)
2
+ mindeg f
N
(i)
1
+ mindeg f
N
(i)
2
=
1
2
ti(ti + 1) + v(M
(i)
1 ) + v(M
(i)
2 ) + v(N
(i)
1 ) + v(N
(i)
2 ).
Let us evaluate the lower bound of the minimum degree of each coefficient.
mindeg
k∏
i=1
fti(M1,M2, N1, N2; q)G(⊗ki=1gti(M (i)1 ⊗M (i)2 ⊗M (i)3 ⊗M (i)4 ))
=
k∑
i=1
1
2
ti(ti + 1) +
k∑
i=1
1
4
(
v(M
(i)
1 ) + v(M
(i)
2 ) + v(N
(i)
1 ) + v(N
(i)
2 )
)
+ mindegG(⊗ki=1gti(M (i)1 ⊗M (i)2 ⊗N (i)1 ⊗N (i)2 ))
≥
k∑
i=1
1
2
ti(ti + 1) +
k∑
i=1
1
4
(
v(M
(i)
1 ) + v(M
(i)
2 ) + v(N
(i)
1 ) + v(N
(i)
2 )
)
− 1
4
v(G(⊗ki=1gti(M (i)1 ⊗M (i)2 ⊗N (i)1 ⊗N (i)2 )))
− c(G(⊗ki=1gti(M (i)1 ⊗M (i)2 ⊗N (i)1 ⊗N (i)2 )))
=
k∑
i=1
1
2
ti(ti + 1)− c(G(⊗ki=1gti(M (i)1 ⊗M (i)2 ⊗N (i)1 ⊗N (i)2 )))
≥
k∑
i=1
1
2
ti(ti + 1)− c(G(⊗ki=1gti(Id¯mi mi ⊗ Id¯mimi ⊗ Idni ¯ni ⊗ Idni ¯ni )).
In the last term, the graph in the i-th small disk is
gti(Id¯mimi ⊗ Id¯mimi ⊗ Idni ¯ni ⊗ Idni ¯ni ) = mi−ti ni−ti
ti
ti
.
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The number of its connected components changes ±1 if ti changes to ti + 1. It means that
k∑
i=1
1
2
ti(ti + 1)− c(G(⊗ki=1gti(Id¯mimi ⊗ Id¯mimi ⊗ Idni ¯ni ⊗ Idni ¯ni ))
is an increasing function of 0 ≤ ti ≤ min{mi, ni}. Thus,
k∑
i=1
1
2
ti(ti + 1)− c(G(⊗ki=1gti(Id¯mimi ⊗ Id¯mimi ⊗ Idni ¯ni ⊗ Idni ¯ni ))
≥ −c(G(⊗ki=1 IdPi)) = mindegG(⊗ki=1 IdPi)

Remark 3.6. In [Arm13], the best possible estimate of the minimum degree of a flat spin
network G with Jones-Wenzl projectors was given when G is adequate. In the proof of
Proposition 3.5, we do not use the adequacy of G.
4. ZERO STABILITY OF THE ONE-ROW COLORED sl3 JONES POLYNOMIAL
We show the zero stability, that is, the existence of the one-row colored sl3 tail for a
“minus-adequate” oriented link diagram. Armond introduced adequacy for a A1 web with
Jones-Wenzl projectors in [Arm13]. We generalize it to a clasped A2 web.
Definition 4.1. Let Dk be a k-holed disk with a set of signed marked points ∪ki=1Pi =
∪ki=1P¯ (0)i unionsq P (1)i such that P (0)i = P (1)i = mi ¯ni , and G ∈ G(∪ki=1Pi;Dk) a flat triva-
lent graph with no loop components and no trivalent vertices. Then, the clasped A2 web
G(⊗ki=1JWPi) is adequate if there are no arcs inG((⊗j−1i=1 IdPi)⊗JWPj⊗(⊗ki=j+1 IdPi))
such that they start from and end at the same edge of a square for any j = 1, 2, . . . , k. See
Example 4.2. We call G ∈ G(∪ki=1Pi;Dk) adequate if v(G) = 0 and G(⊗ki=1JWPi) is
adequate.
Example 4.2. The left A2 web is adequate, and the right A2 web not adequate because of
the thick red arc.
∗
∗
∗
∗
∗
∗
∗
∗
∗
∗
∗
∗
Definition 4.3. An oriented link diagram L is minus-adequate if there exists
• a k-holed disk and a set of marked point ∪ki=1Pi such that (mi, ni) is (2, 0) or
(1, 1),
• an adequate flat graph G ∈ G(∪ki=1Pi;Dk), and
• positive integers {li | i = 1, 2, . . . , k}
such that G(⊗ki=1Rlii ) = L where Rlii is left-handed li half twists:
Rlii = ··
· } li crossings.
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If (mi, ni) = (2, 0), then Rlii is two strands with parallel direction and denoted by A
li . If
(mi, ni) = (1, 1), then Rlii is two strands with anti-parallel direction and denoted by B
li
and li is even. An oriented link is minus-adequate if it is represented by a minus-adequate
oriented link diagram.
Example 4.4. The following is an example of a minus-adequate oriented link diagram
constructed from the adequate diagram in Example 4.2.
Remark 4.5. By forgetting the orientation of a minus-adequate oriented link diagram,
it can be considered as a B-adequate link diagram. Our usage of the formal variable q
corresponds to q−1 in [Arm13]. Thus, the B-adequate link diagram is an "A-adequate"
link diagram in [Arm13].
Let us introduce the following notation:
∆
(n)
A (j) =
2(n−j)
j
, ∆
(n)
B (j) =
n−j
n−j
,
Θ
(n)
A (j) =
j
j
nn
, Θ
(n)
B (i) =
j
j
nn
,
j
nn
= γ
(n)
A (j)
j
nn
,
j
nn
= γ
(n)
B (j)
j
nn
.
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Lemma 4.6.
∆
(n)
A (j) =
[2n− 2j + 1][j + 1][2n− j + 2]
[2]
,
Θ
(n)
A (j) =
min{n−j,j}∑
t=0
min{j−t,n−j+t}∑
s=0
(−1)s+t
[
n−j
t
][
j
t
][
j−t+1
s+1
][
n−j+t
s
][
n
s
][
n
t
] ∆(n)A (j),
γ
(n)
A (j) = (−1)jq
1
3n
2
q−
1
2 j
2+ 2n+12 j ,
∆
(n)
B (j) =
[n− i+ 1]2[2n− 2i+ 2]
[2]
,
Θ
(n)
B (j) =
[
2n−j+2
2n−2k+2
][
n
k
]2 ∆(n)B (j),
γ
(n)
B (j) = (−1)jq
1
6n
2
q−
1
2 j
2+(n+1)j ,
Proof. It is known that [m+1][n+1][m+n+2][2] is the value of a closure of JW−m+n . One can
compute the value of γ from 2.9. The value of Θ(n)B (j) was computed in [Yua18b]. See
Proposition 5.8 in Section 5 for the computation of Θ(n)A (j). 
Lemma 4.7.
mindeg ∆
(n)
A (j) = mindeg ∆
(n)
A (j − 1) + 1,
mindeg Θ
(n)
A (j) = mindeg Θ
(n)
A (j − 1) +
1
2
,
mindeg γ
(n)
A (j) = mindeg γ
(n)
A (j − 1) + (n− j + 1),
and
mindeg ∆
(n)
B (j) = mindeg ∆
(n)
B (j − 1) + 2,
mindeg Θ
(n)
B (j) = mindeg Θ
(n)
B (j − 1) + 1,
mindeg γ
(n)
B (j) = mindeg γ
(n)
B (j − 1) +
(
n− k + 3
2
)
.
Let L = G(⊗ki=1Rlii ) be a minus-adequate link diagram. For any positive integer n, we
define a one-row colored link diagram L(n) with n boxes by L(n) = Gn(⊗ki=1(R(n)i )li).
The adequate trivalent graph Gn is the n parallelizatoin of G. We remark that the marked
point (mi, ni) = (2, 0) and (1, 1) change into (m′i, n
′
i) = (2n, 0) and (n, n), respectively.
The clasped A2 web (R
(n)
i )
li is obtained by attaching n labeled white boxes to each strand
of Rlii . Then,
〈L(n)〉 = Gn(⊗ki=1(Ri(n))li) =
n∑
ti=0
k∏
i=1
Γ
(n)
Ri
(ti; li)Gn(⊗ki=1MRi(ti;n)),(4.1)
where
Γ
(n)
Ri
(ti; li) = γ
(n)
Ri
(ti)
li
∆
(n)
Ri
(ti)
Θ
(n)
Ri
(ti)
.
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In the above Ri = A if (m′i, n
′
i) = (2n, 0) and Ri = B if (m
′
i, n
′
i) = (n, n). The clasped
A2 web MRi(ti;n) is defined by
MA(ti;n) =
titi
ti
titi
ti
n−tin−ti
n−tin−ti
nn
nn
or
titi
ti
titi
ti
n−tin−ti
n−tin−ti
nn
nn
,
MB(ti;n) =
ti
ti
n−tin−ti
n−tin−ti
nn
nn
or
ti
ti
n−tin−ti
n−tin−ti
nn
nn
.
The choice of the orientation on edges of MRi(ti;n) is determined by the sign Pi. We
also define M ′Ri(ti;n) by replacing one-row and two-row colored A2 clasp with identity
webs. The middle A2 clasp in MA(ti;n) should be replaced by a two-row colored clasp
and stair-step webs to consider M ′A(ti;n).
Proposition 4.8. Let L be a link diagram such that L = G(⊗ki=1Rlii ) for some flat trivalent
graph G with no trivalent vertices.
〈L(n)〉 −
k∏
i=1
γ
(n)
Ri
(0)liGn(⊗ki=1MRi(0;n)) ∈ q(n+1)+mindeg 〈L
(n)〉Z[q].
Proof. We compare the minimum degree of
Γ
(n)
Ri
(ti; li)Gn(X ⊗MRi(ti;n)⊗ Y )
to the one of
Γ
(n)
Ri
(ti − 1; li)Gn(X ⊗MRi(ti − 1;n)⊗ Y )
where X and Y are tensor powers of MRj ( · ;n)’s. Set
D(G) = −1
4
v(G)− c(G)
for any flat trivalent graph G. We remark that, by Proposition 3.5, one knows
mindegGn(⊗ki=1MRi(ti;n)) ≥ D(Gn(⊗ki=1M ′Ri(ti;n))).
Let us consider the case of Ri = A. The difference between Gn(X ′⊗M ′A(ti;n)⊗Y ′)
and Gn(X ′ ⊗ M ′A(ti − 1;n) ⊗ Y ′) is M ′A(ti;n) and M ′A(ti − 1;n). The diagram of
M ′A(ti;n) is
titi
titi
tin−ti
n−tin−ti
n−ti
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and the stair-step web has 2ti(n − ti) vertices, and the triangle web t2i vertices. Thus,
v(Gn(X
′ ⊗M ′A(ti;n)⊗ Y ′)) = v(Gn(X ′ ⊗M ′A(ti − 1;n)⊗ Y ′)) + 4(n− ti + 1)− 2
and c(Gn(X ′ ⊗M ′A(ti;n)⊗ Y ′)) ≤ c(Gn(X ′ ⊗M ′A(ti − 1;n)⊗ Y ′)). Thus,
D(Gn(X ′ ⊗M ′A(ti;n)⊗ Y ′)) ≥ D(Gn(X ′ ⊗M ′A(ti − 1;n)⊗ Y ′))− (n− ti + 1) +
1
2
.
By Proposition 3.5, Lemma 4.7 and the above inequality,
mindeg Γ
(n)
A (ti; li)Gn(X ⊗MA(ti;n)⊗ Y )
= li mindeg γ
(n)
A (ti) + mindeg ∆
(n)
A (ti)−mindeg Θ(n)A (ti)
+ mindegGn(X ⊗MA(ti;n)⊗ Y )
≥ li mindeg γ(n)A (ti) + mindeg ∆(n)A (ti)−mindeg Θ(n)A (ti)
+D(Gn(X ′ ⊗M ′A(ti;n)⊗ Y ′))
≥ li mindeg γ(n)A (ti) + mindeg ∆(n)A (ti)−mindeg Θ(n)A (ti)
+D(Gn(X ′ ⊗M ′A(ti − 1;n)⊗ Y ′))− (n− ti + 1) +
1
2
= li mindeg γ
(n)
A (ti − 1) + mindeg ∆(n)A (ti − 1)−mindeg Θ(n)A (ti − 1)
+D(Gn(X ′ ⊗M ′A(ti − 1;n)⊗ Y ′)) + (n+ 1− ti)(li − 1) + 1
> mindeg Γ
(n)
A (ti − 1; li) +D(Gn(X ′ ⊗M ′A(ti − 1;n)⊗ Y ′)).
On the other hand,
mindeg Γ
(n)
A (ti − 1; li)Gn(X ⊗MA(ti − 1;n)⊗ Y )
≥ mindeg Γ(n)A (ti − 1; li) +D(Gn(X ′ ⊗M ′A(ti − 1;n)⊗ Y ′)).
The above two inequalities imply that
mindeg Γ
(n)
A (ti; li)Gn(X ⊗MA(ti;n)⊗ Y ) ≥ mindeg Γ(n)A (0; li) +D(Gn(X ′ ⊗M ′A(0;n)⊗ Y ′))
(4.2)
for ti = 0, 1, 2, . . . , n.
In a similar way, we next consider the case of Ri = B. It is easy to see that
v(Gn(X
′ ⊗M ′B(ti;n)⊗ Y ′)) = v(Gn(X ′ ⊗M ′B(ti − 1;n)⊗ Y ′))
and
c(Gn(X
′ ⊗M ′B(ti;n)⊗ Y ′)) = c(Gn(X ′ ⊗M ′B(ti − 1;n)⊗ Y ′)) + 
where  ∈ {−1, 0, 1}. Thus,
D(Gn(X ′ ⊗M ′B(ti;n)⊗ Y ′)) ≥ D(Gn(X ′ ⊗M ′B(ti − 1;n)⊗ Y ′))− 1
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By Lemma 4.7 and Proposition 3.5,
mindeg Γ
(n)
B (ti; li)Gn(X ⊗MB(ti;n)⊗ Y )
≥ mindeg Γ(n)B (ti; li) +D(Gn(X ′ ⊗M ′B(ti;n)⊗ Y ′))
≥ mindeg Γ(n)B (ti; li) +D(Gn(X ′ ⊗M ′B(ti − 1;n)⊗ Y ′))− 1
= mindeg Γ
(n)
B (ti − 1; li) +D(Gn(X ′ ⊗M ′B(ti − 1;n)⊗ Y ′)) +
(
n+
3
2
− ti
)
li
> mindeg Γ
(n)
B (ti − 1; li) +D(Gn(X ′ ⊗M ′B(ti − 1;n)⊗ Y ′)).
From this inequality and
mindeg Γ
(n)
B (ti − 1; li)Gn(X ⊗MB(ti − 1;n)⊗ Y )
≥ mindeg Γ(n)B (ti − 1; li) +D(Gn(X ′ ⊗M ′B(ti − 1;n)⊗ Y ′)).
we obtain
mindeg Γ
(n)
B (ti; li)Gn(X ⊗MB(ti;n)⊗ Y ) ≥ mindeg Γ(n)B (0; li) +D(Gn(X ′ ⊗M ′B(0;n)⊗ Y ′))
(4.3)
for ti = 0, 1, . . . , n.
Let us go back to the formula (4.1):
〈L(n)〉 =
n∑
ti=0
k∏
i=1
Γ
(n)
Ri
(ti; li)Gn(⊗ki=1MRi(ti;n))
=
k∏
i=1
Γ
(n)
Ri
(0; li)Gn(⊗ki=1MRi(0;n)) +
∑
(ti)i 6=0
k∏
i=1
Γ
(n)
Ri
(ti; li)Gn(⊗ki=1MRi(ti;n))
(4.4)
By (4.2) and (4.3), there exists some positive integer j, such that the lower bound of the
minimum degree of the latter terms of 4.4 is given by
k∑
i=1
mindeg Γ
(n)
Ri
(δij ; li) +D(Gn(⊗ki=1M ′Ri(δij ;n)))
where δij = 1 if i = j, and δij = 0 if otherwise. Finally, we compare
mindeg Γ
(n)
Ri
(1; li)Gn(X ⊗MRi(1;n)⊗ Y )
to
mindeg Γ
(n)
Ri
(0; li)Gn(X ⊗MRi(0;n)⊗ Y )
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where X and Y are tensor products of MRj (0;n)’s. That is, X and Y are described as the
one of the following diagrams:
nn
nn
nn
nn
,
nn
nn
nn
nn
,
nn
nn
nn
nn
.
Thus, Gn(X ⊗MRi(0;n)⊗Y ) has only one- and two-row A2 clasps with v(Gn) = 0. By
Proposition 3.5,
mindegGn(X ⊗MRi(0;n)⊗ Y ) = mindegGn(X ′ ⊗M ′Ri(0;n)⊗ Y ′)
where X and Y are tensor products of M ′Rj (0;n)’s. One can also describe MRi(1;n) by
only using one- and two-row colorings as
MA(1;n) =
1n−1
1n−1
n−1n−1
n−1n−1
nn
nn
or
1n−1
1n−1
n−1n−1
n−1n−1
nn
nn
MB(1;n) =
1
1
n−1n−1
n−1n−1
nn
nn
or
1
1
n−1n−1
n−1n−1
nn
nn
If Ri = A, then
D(Gn(X ′ ⊗M ′A(1;n)⊗ Y ′)) = −
1
4
v(Gn(X
′ ⊗M ′A(1;n)⊗ Y ′))− c(Gn(X ′ ⊗M ′A(1;n)⊗ Y ′))
= −1
4
(2 + 4(n− 1))− (c(Gn(X ′ ⊗M ′A(0;n)⊗ Y ′))− n)
= −c(Gn(X ′ ⊗M ′A(0;n)⊗ Y ′)) +
1
2
= mindegGn(X
′ ⊗M ′A(0;n)⊗ Y ′) +
1
2
= mindegGn(X ⊗MA(0;n)⊗ Y ) + 1
2
and
mindeg Γ
(n)
A (1; li) = mindeg Γ
(n)
A (0; li) + nli +
1
2
.
Thus, we obtain
mindeg Γ
(n)
A (1; li) +D(Gn(X ⊗MA(1;n)⊗ Y ))(4.5)
= mindeg Γ
(n)
A (0; li)Gn(X ⊗MA(0;n)⊗ Y ) + (nli + 1).
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If Ri = B, then
D(Gn(X ′ ⊗M ′B(1;n)⊗ Y ′)) = −c(Gn(X ′ ⊗M ′B(1;n)⊗ Y ′))
= −c(Gn(X ′ ⊗M ′B(0;n)⊗ Y ′))± 1
= mindegGn(X
′ ⊗M ′B(0;n)⊗ Y ′)± 1
= mindegGn(X ⊗MB(0;n)⊗ Y )± 1
and
mindeg Γ
(n)
B (1; li) = mindeg Γ
(n)
A (0; li) +
(
n+
1
2
)
li + 1.
Thus, we obtain
mindeg Γ
(n)
B (1; li) +D(Gn(X ′ ⊗M ′B(1;n)⊗ Y ′))(4.6)
= mindeg Γ
(n)
B (0; li)Gn(X ⊗MB(0;n)⊗ Y ) +
(
n+
1
2
)
li + 1± 1.
We remark that li is positive even integers in the case of Ri = B. In (4.4), (4.5) and (4.6)
mean that
mindeg
∑
(ti)i 6=0
k∏
i=1
Γ
(n)
Ri
(ti; li)Gn(⊗ki=1MRi(ti;n))
≥ mindeg
k∏
i=1
Γ
(n)
Ri
(0; li)Gn(⊗ki=1MRi(0;n)) + (n+ 1).
It is easy to see that Γ(n)Ri (0; li) = γ
(n)
Ri
(0)li and we obtained
〈L(n)〉 −
k∏
i=1
γ
(n)
Ri
(0)liGn(⊗ki=1MRi(0;n))
=
∑
(ti)i 6=0
k∏
i=1
Γ
(n)
Ri
(ti; li)Gn(⊗ki=1MRi(ti;n)) ∈ q(n+1)+mindeg 〈L
(n)〉Q[q].
Because of the integrality [Le00], it belongs to q(n+1)+mindeg 〈L
(n)〉Z[q] 
Remark 4.9. • Proposition 4.8 does not use adequacy of L.
• q(n+1)+mindeg 〈L(n)〉Z[q] can be replaced by q(ln+1)+mindeg 〈L(n)〉Z[q] where l =
min{li | i = 1, 2, . . . , k}.
Definition 4.10. For f(q) and g(q) inQ((q)), we define f(q) ≡n g(q) if mindeg
(
fˆ(q)− gˆ(q)
)
≥
n.
Proposition 4.11. Let Gn(⊗ki=1MRi(0;n)) be the clasped A2 web in the proof of Propo-
sition 4.8. If G is adequate, then
Gn+1(⊗ki=1MRi(0;n+ 1)) ≡n+1 Gn(⊗ki=1MRi(0;n)).
To prove this proposition, we prepare some lemmas. Let us choose an labeled strand
which form a circle in Gn+1 = Gn+1(⊗ki=1MRi(0;n + 1)). First, we move this strand to
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the left side with respect to its orientation in every A2 clasps by the following operation:
n+1n+1
n+1n+1
=
n+1n+1
n+1n+1
,
n+1n+1
n+1n+1
=
n+1n+1
n+1n+1
.
In the above, the chosen strand expressed as a red arc. We remark that these operations do
not change the value of Gn+1. Assume that the chosen labeled strand passes m A2 clasps.
By unclasping the leftmost strand from m − 1 A2 clasps, one can shrink the strand to the
last A2 clasp and a new A2 web G
′
n+1.
n
n
n+1
n+1
n+1
n+1
n
n
−→
n
n
n+1
n+1
n+1
n+1
n
n
−→ · · · −→
n
n
n+1
n+1
n+1
n+1
n
n
= G
′
n+1
Let us see the above deformation can be realized by computing Gn+1 modulo qn+1.
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n1
n1 k−1
1
n−11
n−1
1
k−1
1
1
1
FIGURE 4.1. The A2 web with no A2 clasps obtained from Hn+1
Lemma 4.12.
n+1
n+1
k
k
=
n+1
n+1
n
n1
k
k
+ (−1)n+1 [k]
[n+ k + 1]
n+1
n+1
n+1
n1
k−1 k
k
n+1
n+1
k
k
=
n+1
n+1
n
n1
k
k
+ (−1)n+1 [k]
[n+ k + 2]
n+1
n+1
n
n1
k−1 k
k
Proof. The first is obtained by Lemma 3.1. See Proposition 5.2 in Section 5 for the second
equation. 
Proof of Proposition 4.11. Let us consider the unclasping operation we explained. Chose
a circle labeled by n+ 1 and assume that it passes the left side of A2 clasps. If we applies
Lemma 4.12 to an A2 clasp JW−2n+2 , then we obtain
Gn+1 = G˜n+1 + (−1)n+1 [k]
[n+ k + 1]
Hn+1.
We compare mindeg G˜n+1 to mindegHn+1. Lemma 3.5 says that the minimum degree of
a clasped flat A2 web is given by one of the A2 web obtained by replacing all A2 clasps
with identity webs. Because of Gn+1 is adequate A2 web,
c(G˜n+1)− c(Hn+1) = n+ 1,
see also Figure 4.1. Thus,
mindegHn+1 ≥ −1
4
v(Hn+1)− c(Hn+1)
= −1
4
(2n+ 2)−
(
c(G˜n+1)− (n+ 1)
)
=
n+ 1
2
+ mindeg G˜n+1.
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Therefore,
mindeg (−1)n+1 [k]
[n+ k + 1]
Hn+1 ≥ n+ 1
2
+
(
n+ 1
2
+ mindeg G˜n+1
)
= (n+ 1) + mindeg G˜n+1
= (n+ 1) + mindegGn+1.
We remark that mindeg G˜n+1 = mindegGn+1 by Lemma 3.5.
In the same way, Gn+1 is decomposed as
Gn+1 = G˜n+1 + (−1)n+1 [k]
[n+ k + 2]
Hn+1
by applying Lemma 4.12 to JW−n+1+n+1 . One can see that
c(G˜n+1)− c(Hn+1) = n+ 1,
and
mindegHn+1 ≥ −1
4
v(Hn+1)− c(Hn+1)
= −1
4
(2n)−
(
c(G˜n+1)− (n+ 1)
)
=
n+ 2
2
+ mindeg G˜n+1.
Therefore,
mindeg (−1)n+1 [k]
[n+ k + 2]
Hn+1 ≥ n+ 2
2
+
(
n+ 2
2
+ mindeg G˜n+1
)
= (n+ 2) + mindeg G˜n+1
= (n+ 2) + mindegGn+1.
It means that
Gn+1 ≡n+1 G˜n+1.
We replace Gn+1 with G˜n+1, apply Lemma 4.12 to another A2 claps, and compare min-
imum degrees. One can repeatedly apply this operation explained, see diagrams before
Lemma 4.12, and obtain
Gn+1 ≡n+1 G˜n+1 ≡n+1 · · · ≡n+1 G′n+1
where
G
′
n+1 =
n
n
k
k
k
k
n
n
1 or
n
n
k
k
k
k
n
n
1 .
Finally, one can remove the small circle labeled by 1 by
G
′
n+1 =
[k + n+ 3]
[k + n+ 1]
G
′′
n+1 or G
′
n+1 =
[n+ 2][n+ k + 3]
[n+ 1][n+ k + 2]
G
′′
n+1
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where the A2 web G
′′
n is one obtained by removing the small circle by Proposition 5.1 in
Section 5. These equation means that
G
′
n+1 ≡n+1 G
′′
n+1.
Although the label k of the other strands is equal to n+ 1 in the above argument, it works
in the case of k = n. Thus, you can repeat this argument, choosing a strand labeled by
n + 1 and removing the leftmost strand, until all labels n + 1 on the strands change to n.
Consequently, you obtain Gn+1 ≡n+1 Gn. 
Theorem 4.13. Let L be a minus-adequate link. Then,
Jˆsl3L,n+1(q)− Jˆsl3L,n(q) ∈ qn+1Z[[q]].
In other words, the one-row colored sl3 colored Jones polynomial {Jˆsl3L,n(q)}n of a minus-
adequate link L is zero stable.
Proof. Let us take an adequate link diagram G(⊗ki=1Rlii ) of L such that G is an adequate
trivalent graph. By definition, Jˆsl3L,n+1(q) is given by the q-degree normalization of
Gn(⊗ki=1(Ri(n))li).
Equation (4.1) and Proposition 4.8 imply
Gn(⊗ki=1(Ri(n))li) =
n∑
ti=0
k∏
i=1
Γ
(n)
Ri
(ti; li)Gn(⊗ki=1MRi(ti;n))
≡n+1
k∏
i=1
γ
(n)
Ri
(0)liGn(⊗ki=1MRi(0;n))
≡n+1 Gn(⊗ki=1MRi(0;n)).
In the same way,
Gn+1(⊗ki=1(Ri(n+1))li) ≡n+2 Gn+1(⊗ki=1MRi(0;n+ 1))
≡n+1 Gn+1(⊗ki=1MRi(0;n+ 1))
By Proposition 4.11,
Gn(⊗ki=1MRi(0;n)) ≡n+1 Gn+1(⊗ki=1MRi(0;n+ 1))
We obtain
Gn+1(⊗ki=1(Ri(n+1))li) ≡n+1 Gn(⊗ki=1(Ri(n))li).
By Definition 4.10 and integrality [Le00],
Jˆsl3L,n+1(q)− Jˆsl3L,n(q) ∈ qn+1Z[[q]].

5. APPENDIX
We denote the closure of JW−m+n by
∆(m,n) =
m
n
=
[m+ 1][n+ 1][m+ n+ 2]
[2]
.
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Proposition 5.1.
m n
l
=
∆(m+ l, n)
∆(m,n)
m n
Proof. It is easy to see that this clasped A2 web space is spanned by JW−m+n . Thus, we
set
m n
l
= C
m n
.
By taking the closure, one can compute the constant C. 
Proposition 5.2.
1
1
k
k
l
l
=
k+1
1 k
l
l
+ (−1)k+1 [l]
[k + l + 2]
k+1
1 k
l
l
1
k
l−1
Proof. By considering the dimension of the clasped A2 web space, one can see that the
LHS is expanded as follows.
1
1
k
k
l
l
=
k+1
1 k
l
l
+ C
k+1
1 k
l
l
1
k
l−1 .
Take a closure of a strand labeled by l on the right side and apply Proposition 5.1.
∆(k + 1, l)
∆(k + 1, 0)
k+1
k+1
=
∆(k, l)
∆(k, 0)
k+1
k+1
+ C
∆(k, l)
∆(k, 1)
k+1
1 k
1k
.
Let us compute the last A2 web. By definition of the two-row colored A2 clasp,
k+1
1 k
1k
= − [k]
[k + 2]
k+1
1
1
k
1k−1
.
One can see the following by using Lemma 3.1.
k
1 k−1
1
= (−1)k−1 1
[k]
k
k−1
1
= (−1)k−1 [2]
[k]
k
.
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Thus, we obtain
∆(k + 1, l)
∆(k + 1, 0)
=
∆(k, l)
∆(k, 0)
+ C
∆(k, l)
∆(k, 1)
× (−1)k [2]
[k + 2]
.
Solve the above equation:
C = (−1)k+1 [k + 3][k + l + 2]− [k + 2][k + l + 3]
[k + l + 2]
= (−1)k+1 [l]
[k + l + 2]

Lemma 5.3. (1) 1
k
k
= 1
k
k−1
1
,
(2)
k
k =
k
k
Proof. (1) is proven by straightforward calculation, see for example [Yua17], and (2) is
derived from Lemma 2.9. 
Lemma 5.4. For any positive integer k,
k
k
1
=
k
k
1
Proof. Let us prove it by induction on k.
k
k
1
=
k−1
k−1
1
1
=
k−1
k−1
1
1
1
+
k−1
k−1
1
1
=
k−1
k−1
1
1
1
The last equation is derived from the induction hypothesis and Lemma 5.3 (1). 
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Lemma 5.5. For a non-negative integer k,
k+1
k+1
k
k
1
=
[k + 2]
[k + 1]
k
k
1
Proof. The following identity holds by using Lemma 2.9 and Lemma 5.3.
1 k
k
1 =
1 k
k
1
=
1 k
k
1
1
=
1 k−1 1
k
1
1
=
1 k−1 1
k
1
1
(5.1)
We prove this lemma by induction on k. It is easy to see that
k
k
1
=
k
k
1
by Lemma 5.3 (2). One can obtain the following by applying Lemma 3.1 to the A2 clasp
in the top and by using generation and elimination of A2 webs in 5.1.
k
k
1
= [2]
k
k
1
− [k]
[k + 1]
k
k
1
=
[2][k + 1]− [k]
[k + 1]
k
k
1
=
[k + 2]
[k + 1]
k
k
1
We finish the proof by Lemma 5.4. 
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Lemma 5.6. Let m, n be positive integers such that n ≥ m ≥ 2. For any positive integer
1 ≤ k ≤ m.
m−1
m−1
n
n
1 m−k
k
k
n−k
k
k
=
[k][k + 1]
[m]2
m−1
m−1
n
n
m−k k−1
k−1 n−k
k−1
k−1
+
[m+ k + 2][m− k]
[m]2
m−1
m−1
n
n
m−k−1
k
k
n−k
k
k
.
Proof. We first remark that if k = m, then it is the same to Lemma 5.5. Apply Lemma 3.1
to the top left A2 clasp:
1 m−k
k
k
n−k
k
k
=
1
m−k−1
k
k
n−k
k
k
+ (−1)m−k [k]
[m]
1
m−k
1
k−1
k
n−k
k
k
=
∆(m, 0)
∆(m− 1, 0) m−k−1
k
k
n−k
k
k
+ (−1)m−k [k]
[m]
1
m−k
1
k−1
k
n−k
k
k
.
In the above, terms corresponding to j = m − k,m − k + 1, . . . ,m − 2 in Lemma 3.1
vanish because of Lemma 5.4 (2). We calculate the latter A2 web. Apply Lemma 3.1 to
the bottom left A2 clasp:
1
m−k
1
k−1
k
n−k
k
k
= 1
m−k
m−k−1
1
k−1
k
n−k
k
k
(5.2)
+ (−1)m−k−1 [k + 1]
[m]
1
m−k
m−k−1
1
k−1
k
n−k
k
k
(5.3)
+ (−1)m−k [k]
[m]
1
m−k
m−k
k−1
k−1
n−k
k
k
.
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We used Lemma 5.3 in the above. We remark that the first term (5.2) vanishes ifm−k ≥ 2
and the second (5.3) does not appear if m− k = 1. By straightforward calculation,
1
m−k
m−k−1
1
k−1
k
n−k
k
k
= [2] m−k−1
k
k
n−k
k
k
for m− k ≥ 2, and
1
m−k
m−k
k−1
k−1
n−k
k
k
= m−k−1
k
k
n−k
k
k
+
1
m−k
k−1
k−1
n−k
k
k
= m−k−1
k
k
n−k
k
k
+
[k + 1]
[k]
m−1
m−1
n
n
m−k k−1
k−1 n−k
k−1
k−1 .
We used Lemma 5.5 in the second equation. Thus, one can obtain the following for k ≤
m− 2 from the above results.
m−1
m−1
n
n
1 m−k
k
k
n−k
k
k
=
[k][k + 1]
[m]2
m−1
m−1
n
n
m−k k−1
k−1 n−k
k−1
k−1
+
(
∆(m, 0)
∆(m− 1, 0) −
[k][k + 2]
[m]2
) m−1
m−1
n
n
m−k−1
k
k
n−k
k
k
.
One can also see that
∆(m, 0)
∆(m− 1, 0) −
[k][k + 2]
[m]2
=
[m][m+ 2]− [k][k + 2]
[m]2
=
[m+ k + 2][m− k]
[m]2
.
If k = m− 1,
1
m−k
m−k−1
1
k−1
k
n−k
k
k
= [2] m−k−1
k
k
n−k
k
k
and can calculate in the same way. 
Proposition 5.7.
m
m
n
n
=
min{m,n}∑
k=0
(−1)k
[
m
k
][
n
k
][
m+n
k
] m−k k
k
n−k
k
k
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Proof. Let us fix any positive integer n. We prove the above for any k and m such that
0 ≤ k ≤ m ≤ n. By using the A2 basis web of clasped A2 web space, one can see that
JW−m−n is expanded as follows.
m
m
n
n
=
m∑
k=0
Cm,n(k) m−k
k
k
n−k
k
k
It is easy to see that Cm,n(0) = 1 by composing JW−m−n to both sides. By straight-
forward calculation, C1,n(1) = − [n][n+1] , C2,n(1) = − [2][n][n+2] , and C2,n(2) = [n][n−1][n+2][n+1] .
Let us take a closure of the leftmost strand and apply Proposition 5.1 and Proposition 5.6.
Then, we obtain the following recursion formula:
Cm,n(k + 1) =
[m+ n+ 2][m]2
[m+ n][k + 1][k + 2]
Cm−1,n(k)− [m+ k + 2][m− k]
[k + 1][k + 2]
Cm,n(k)
One can prove Cm,n(k) = (−1)k [
m
k ][
n
k]
[m+nk ]
by induction on m and k. 
Proposition 5.8.
kk
k
kk
k
n−km−k
n−km−k
=
min{m−k,k}∑
j=0
min{k−j,n−k+j}∑
i=0
(−1)i+j
[
m−k
j
][
k
j
][
k−j+1
i+1
][
n−k+j
i
][
m
j
][
n
i
] k n−km−k
Proof. Apply Proposition 5.7 to the middle left A2 clasp:
kk
k
kk
k
n−km−k
n−km−k
=
min{m−k,k}∑
j=0
(−1)j
[
m−k
j
][
k
j
][
m
j
] j jm−k−j k
k
k
k
k
k
n−km−k
n−km−k
.
By Lemma 2.9, this A2 web is deformed as follows.
j jm−k−j
k
k
k
k
k
k
n−km−k
n−km−k
= k−j
j
j
m−k−j k
j
k
k
j
k
n−k
n−k
=
k−j
k−j
j
j
j
k−j
k−j
n−k
n−k
m−k−j
=
k−j
k−j
j
j
j
n−k
n−k
m−k−j
=
k−j
k−j
n−k+j
n−k+j
m−k−j
.
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In the above, we use a trivial decomposition of a triangle web:
k k
k
=
k−j k−j
j j
k−j j
.
After applying Proposition 5.7 to the middle A2 clasp JW−k−j−n−k+j , we finish this
calculation by using a formula in [Yua17, Theorem 3.11 (3)]:
n
n
n
n
n
n
=
n∑
k=0
nn
nn n−k
n−k
k k .

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